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Abstract

We define the Liouville functional on the set of functions on an infinite-dimensional symplectic
manifold which are Hamiltonian with respect to a torus-action. In the case of finite-dimensional
manifolds this functional is closely connected with the integral over the Liouville measure by
a theorem due to Duistermaat and Heckman. The symplectic setup turns out to be natural for
the calculation of partition functions of certain quantum field theories. In particular, among other
examples, we calculate the partition function of the Wess—Zumino—Witten model on an elliptic curve
in terms of this functional and deduce its modular invariance from its expression as a functional
integral. In the case that the symplectic manifold is given as a generic coadjoint orbit of a loop group,
the Liouville functional can be shown to give the same result as usual integration with respect to
the Wiener measure. © 2001 Elsevier Science B.V. All rights reserved.

MSC: 22E65; 46T12; 46T05
Subj. Class.: Quantum field theory

Keywords: Functional integration; Loop groups; Coadjoint orbits; WZW model

1. Introduction

Functional integration methods play an important role in modern quantum field the-
ory (cf. e.g. [9,26]). Despite this fact, the precise mathematical meaning of the appearing
integrals remains, at least at this time, rather mysterious. Only in certain situations, one
can rely on well developed theories such as the Wiener measure, but usually functional
integrals are “calculated” by ad hoc methods which are justified merely by their analogy
with finite-dimensional integration methods. Surprisingly enough, quite often these calcu-
lations yield results which can also be derived without using functional integration. Two
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examples of such “calculations” are the papers [1,19] in which the Duistermaat Heckman
exact integration formula is applied to integrals on certain infinite-dimensional symplectic
manifolds.

Let us briefly review these results: The Duistermaat Heckman formula applies to the
computation of integrals of the form f M e (" /n!), where (M, w) is a finite-dimensional
compact symplectic manifold of dimension 2n, and " /n! the associated Liouville mea-
sure. Let us assume that the circle S' acts on M preserving w and that f is a Hamiltonian
function corresponding to the vector field generated by the S!'-action. If the fixed point
set of the S'-action is discrete, the Duistermaat Heckman formula [3] allows to reduce
the integral | M e ¥(»"/n!) to a sum over the fixed points of the circle action (see Sec-
tion 2.1 for an exact statement of the formula). Following ideas of Witten, Atiyah [1]
indicated how applying the Duistermaat Heckman formula to the loop space of a Rie-
mannian manifold which has a (degenerate) two-form and a natural S'-action, one can
formally derive the index theorem for the Dirac operator. Perret [19] used the Duistermaat
Heckman theorem on the loop space of a coadjoint orbit of a compact Lie group, resp. a
loop group to give “physical proofs” of the Weyl and the Kac—Weyl character formulas,
respectively.

In the present paper, we will use similar ideas to calculate certain integrals over infinite-
dimensional symplectic manifolds naturally arising in the theory of loop groups and dou-
ble loop groups. But our approach to these “integrals” will be somewhat more conceptual
than the one employed in the physics literature. In particular, instead of “calculating” the
integrals using the Duistermaat Heckman formula, we will use an analogue of the Duister-
maat Heckman formula to define a functional on the Hamiltonian functions corresponding
to some symplectic torus-action on M. We will call this functional the Liouville func-
tional because of its analogy with the Liouville measure on a finite-dimensional manifold.
By comparing the symplectic form @ with a Riemannian structure o on M, we define a
second functional. In the finite-dimensional case, this second functional is equal to the
integration over the Riemannian volume form. Thus, by analogy, we will refer to this
functional as “integration” over the Riemannian volume form do. This will be done in
Section 2.

In Section 3, we will “integrate” several functions on the coadjoint orbit of the centrally
extended loop group Gofa compact Lie group G with respect to the Riemannian volume
form. The resulting functions on G arise naturally in the representation theory of G and its
associated affine Lie algebra g¢ and can be interpreted as the partition function of a quantum
mechanical particle moving on the group G. In [7], Frenkel gave an interpretation of the
same functions in terms of integrals with respect to the Wiener measure on a completion of
the corresponding coadjoint orbit of G. We will compare these two approaches in Section
3.4 and see that they are, in a sense, equivalent. Therefore, at least in these cases the name
“integral” for our functionals is justified not only by analogy.

Section 4 is devoted to the calculation of the partition function of the gauged Wess—
Zumino—Witten (WZW) model on an elliptic curve using the Liouville functional approach.
The WZW model is a quantum field theory on a compact Riemann surface X' with values in
acompact Lie group G, or more generally in its complexification G¢. We will only consider
the case in which X is the elliptic curve ¥, = C/(Z + tZ), where T € C, im(t) > 0is the
modular parameter of the elliptic curve. The partition function of the gauged WZW model
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at level ¥ € N is formally given by the functional integral

/ e_SG.H,K(g)D(g)’
C>®(X:,Ge)

where H is an element of the Lie algebra of G, and Sg g« : C*(X;, Gec) — Ris the
so-called gauged WZW action (see Section 4.1 for more details and references). At this
time, the measure theoretic meaning of this integral is not clear (but cf. Section 4.4 for
some speculations). In any case, let 7 be a maximal torus of G such that exp(H) € T and
let Tc C G be its complexification. Assume that exp(H) is a regular element of G (i.e.
the maximal torus 7 such that exp(H) € T is unique). The action function Sg, g factors
through LLG¢/ T, where LLG¢ denotes the double loop group of G (i.e. the space of
all smooth maps from S! x S! to G¢). Now LLG¢/ Tc has a (complex valued) symplectic
form and a natural action of the torus S! x S! x T, where the first two factors act by rotating
the loops and T acts by left multiplication. We will show that the gauged WZW action is
the Hamiltonian of a vector field defined by this torus-action. Since the torus-action has a
discrete fixed point set, we can calculate the “integral”

—SG,Hk — 2
e "o —CE [x1(t, H)]
/L,'LG([‘;/TC

pk
AEPL

with some ¢ € R. Here P_’ﬁ denotes the set of highest weights at some level k of the untwisted
affine Lie algebra g¢ corresponding to G and x; denotes the corresponding affine character
(see Theorem 4.5).

It is well known that the sum above is invariant under a certain SL(2, Z)-action (cf. [13]).
Since the holomorphic structure on the torus S' x S! defining the elliptic curve >, stays
invariant under the natural SL(2, Z)-action on S! x S!, we can use the functional integral
approach developed in this paper to deduce the modular invariance of the function

2
PRPACAOIS
repPk
We close this exposition with a remark on a “twisted” version of the WZW model and

some speculations about a measure theoretic interpretation of the calculations leading to
the partition function of the WZW model.

2. The Liouville functional
2.1. The Liouville functional

Let (M, w) be a finite-dimensional compact symplectic manifold of dimension 2n. The
Liouville volume form associated with the symplectic form w is the 2n-form " /n!. Let
us assume that we have an action of some torus 7 = R//Z! on M which preserves w.
The Lie algebra of T will be denoted by . We will call H € § a generic element of  if
the group generated by exp(H) is a dense subgroup of 7. Any H defines an R-action and
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thereby a vector field H on M. Assume that Jy is a Hamiltonian function corresponding to
this R-action. That is, we have the identity dJyg = ¢ - Furthermore, assume that T acts
effectively on M and that the fixed point set P consists of isolated points p € P.Then T acts
linearly on the tangent spaces T, M. After picking an almost complex structure on M which
is compatible with the symplectic form » and which commutes with the 7-action, we have
a decomposition T, M = @’}: 1 VJP into (complex) one-dimensional representations Vjp of
T. Here T acts on V; via the complex character ¢ exp(Zniaf (H)), where exp(H) = t.
Now we can state the Duistermaat Heckman exact integration formula [3].

Theorem 2.1. Let M, w, H, P be as above. Then

n —tJu(p)
_ w (S
/ ¢ n | = nT " p >
M n! pePt ||j:1aj(H)

where t can be a real or complex parameter.

This theorem can be easily extended to the case when the fixed point set of the T -action
consists of sub-manifolds instead of isolated points (cf. [1,3,4]).

In the case that M has a Riemannian metric o the associated Riemannian volume form
do and the Liouville form on M are related via

n
2 _ Pf(B,)do,
n!
where B, is the skew symmetric endomorphism of the tangent bundle associated to w by
the metric o (i.e. wx(X,Y) = 0, (B x(X), Y) for X, Y € Ty M), and Pf is the Pfaffian.

If the manifold M is infinite-dimensional, the Liouville measure does not make sense.
Ignoring this fact, physicists use the Duistermaat Heckman formula to “calculate” certain
integrals over the Liouville measure (see e.g. [1,19]). We will proceed in the opposite
direction and use an analogue of the Duistermaat Heckman formula to define a functional
on the set of functions on M which are Hamiltonian with respect to the T-action on M. We
will call this functional the Liouville functional because of its analogy with the Liouville
measure on a finite-dimensional manifold.

To get started, let (M, w) be an infinite-dimensional symplectic manifold. That is, M is a
Frechet-manifold together with a closed two-form w which is non-degenerate in the sense
that the map 7,,M — T, M, X,, — @ (X, -) is injective at each m € M. Furthermore,
we assume the tangent spaces T, M to have a countable basis for all m € M. Finally,
we have to make the further assumption that (M, w) admits a compatible almost complex
structure, that is an endomorphism I of TM such that 12 = —1, I*w = w and w(-, 1) 1s
positive definite.

Now suppose there is an effective action of a torus 7 on M which preserves w and 1. Let
us assume that the fixed point set P of the T-action consists of (possibly infinitely many)
isolated points p € P. Then we have a T -action on the tangent spaces 7, M which again
decompose into the direct sum of complex one-dimensional representations of 7. That is,
M = ® jeNVjp where, as before, T acts on Vf via a complex character exp(H) +>

exp(2niaf(H)) for H € h. Now we have af(H) e Rforall p € Pand j € N. Let us
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assume that the series {|oz§7 (H)|}jen is zeta-multipliable for each p € P and denote the
corresponding zeta-function by ¢. (See Appendix A for a brief introduction to the theory
of zeta-regularized products.) Then we set

Zp(H) = | []lef ()]

jeN ¢

Up to sign, this is the infinite-dimensional analogue of the denominator in the Duistermaat
Heckman formula for finite-dimensional compact manifolds. To take care of the sign, we
define #p to be the number of rotation planes V ;’ for which af (H) < 0. We have to make

the assumption that #p is finite for all p € P. Then (—1)*” will be the desired sign.
We have collected all the necessary structures to define the Liouville functional.

Definition 2.2. Let (M, w) be an infinite-dimensional symplectic manifold with a 7 -action
for which all the assumptions above are satisfied. For H € b as above, let /g be a Hamilto-
nian function of the R-action on M defined by H. Then for ¢ € R ( we define the Liouville
functional L;(Jg) via

e~ tu(p)

_ _1\#
Li(Jn) = ) (=1) roraT

peP

whenever this sum makes sense.

Note that L; is a non-linear functional.

Let us assume, that additionally to being symplectic, M is a Riemannian manifold
with Riemannian metric o. That is, we have a non-degenerate symmetric bilinear form
om = (-, -)m on each tangent space T,,, M which varies smoothly with m. As before, by
non-degeneracy we mean that the induced map 7,, M — T,:M is injective. In this case, we
can define an analogue to the integration with respect to the Riemannian volume form on
M provided that w and ¢ are compatible in the following sense.

Let us assume, there exists a skew symmetric automorphism B, , of TyMx € M for each
X € M such that

wx(X,Y) = 0x(Bs x(X), ¥).

Furthermore, let us assume that the zeta-regularized determinant det; (B,,) (i.e. the zeta-
regularized product of the eigenvalues of B,,) exists. Now, if the zeta-regularized de-
terminant defines a nowhere vanishing positive function on M, we can define a function
Pf;(Bs) : M — R, such that Pf(Bg)(x)2 = det; (Bo,x). This function will be called the
zeta-regularized Pfaffian of B,. We will call the symplectic form @ and the Riemannian
metric o zeta-compatible if such Pf; (B, ) exists. On a finite-dimensional manifold, @ and o
are compatible, exactly if they define the same orientation of M, and Pf(B, ) is the function
relating the two 2n-forms.
In analogy with the finite-dimensional case, we can now set

f e VHPf (By)do = L,(Jp).
M



70 R. Wendt/Journal of Geometry and Physics 40 (2001) 65-99

In the cases we will be considering, M will be a homogeneous space M = G/G’ and @
and o can be chosen invariant under the canonical G-action on M. In this case, if Pf; (B,)
exists, it will be a constant. Therefore, such an M is always orientable and we have

/ e_l‘]H d(T — M.
M Pf; (Bs)(x0)

2.2. The Liouville functional on a complex manifold

In this section, we will describe how one can extend the formalism developed in the
last section to the case when the manifold M is complex and w = w; + iw; is a closed
non-degenerate complex valued C-linear two-form. In this case @ will not be compatible
with the natural complex structure I on 7M which is given by multiplication with i, since
we have w(IX, IY) = —w(X, Y). So we have to assume that TM admits a second complex
structure J which anti-commutes with / and is compatible with w in the following sense:
J*0 = w,and w(-, J-) is “positive definite” in the sense that forallm € M, X,,, € T,, M we
have either w) (X, Jn (X)) > 0, or w (X, Jiy (X)) = 0 and w1 (X, J1n (X)) > 0.

As in the preceding section, let us assume that we have an action of some torus 7" on
M which leaves the symplectic form w and the two complex structures / and J invariant,
and which has a discrete fixed point set P. Thus, J gives the tangent spaces T, M the
structure of quaternionic representations of 7 (see [2]). Now we can decompose each
T,M = T,M* &T,M~, where T, M* denotes the %i eigenspace of J. The spaces T, M+
and T, M~ are isomorphic as vector spaces.

We can decompose T, MT = & jeN Vjp , into a direct sum of one-dimensional complex

representations (with respect to the complex structure J), such that T acts on Vjp via the

character exp(2mio 5.7 ). With these choices made, we can define Z, (H), #p, and the Liouville
functional L;(Jy) of some Hamiltonian function Jy exactly as in Section 2.1.

Finally, in the complex setting it is natural and in fact necessary for applications, to allow
the element H considered above to be in the complexified Lie algebra hc of T rather than
in the real Lie algebra h. Since M is complex, such H defines a vector field Hon M , and
we shall call a function Jy : M — C Hamiltonian with respect to H if dJg = 1z0.
The formalism of the Liouville functional can be generalized to this setting without major
changes. We get a decomposition of the tangent spaces T,M = @ jecN V]p into complex

(with respect to /) one-dimensional spaces Vjp on which the Abelian Lie algebra b acts

via the character 2rria” . The only difference to the real case is that now the o” (H) might
not be in R, which causes problems with the zeta-regularized products and the definition
of the number #p appearing in the definition of the Liouville functional. In the examples
we will consider, we will be able calculate the zeta-regularized products using a trick. So
the only thing, we have to take care about is the definition of the number #p in this more
general setting.

To generalize the definition of # p, let us first take a closer look at what happened in the case
that H € h: We have decompositions of the tangent spaces of M at p into four-dimensional
real representations T,M = @ (Vapj av? a,-) of T, such that if one diagonalizes the T'-action

with respect to the complex structure 7, the torus acts on Vapj via the character exp(271ioz7 ).
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In this setting, the complex structure J defines an R-linear map J : V) — V” «- Restricting
the T-action to the +i eigenspace of J amounts to picking one character out of each pair
+a” appearing in the decomposition of T, M. Now the choice of some regular H € § (i.e.
B(H) ¢ Z for all characters exp(2wif) of T), gives a decomposition of the character lattice
Q of T into positive and negative characters via declaring 8 € Q positive if B(H) > 0. In
this picture, # p is exactly the number of negative characters appearing in the series {o 57 }jeN-

Now it is straightforward to generalize our definition of #p to the complex case: The
element H € hc comes from an infinitesimal action of the complexified torus T¢ on M.
So we have to pick a decomposition of the character lattice Q\{0} = QO+ U Q_ of T¢ into
positive and negative characters. In analogy with the real case, this decomposition should
be defined by the element H € fc: We define @ € Q to be positive, if either Im(«(H)) > 0,
or Im(a(H)) = 0 and Re(a(H)). This choice of decomposition of the character lattice Q
into a positive and negative part agrees with the definition of “positive definiteness” of the
C-valued symmetric bilinear form w (-, J-) above. Then, as before, we can set #p to be the
number of negative characters appearing in the series {otj.7 }jeN-

3. The partition function for compact Lie groups
3.1. An infinite-dimensional flag manifold

Let us look at a first example in which the Liouville functional can be calculated and gives
rise to an interesting function: Consider the infinite-dimensional manifold LG/ T, where
G is a compact semi-simple simply connected Lie group with maximal torus 7 and LG
denotes the loop group of G in the sense of [21]. That is, LG = C*®(S', G) with pointwise
multiplication. The Lie algebra of LG is Lg = C*®(S!, g), where g is the Lie algebra of
G. Let (-, -) denote the negative of the Killing form on g ® C. This gives a positive definite
G-invariant bilinear form on g. We can use (-, -) to define an antisymmetric bilinear form
won Lgvia

1
0(X,Y) = / (X' (), Y (1)) dt,
t

where we have parametrized the circle via ¢ € [0, 1]. Obviously, this form is degenerate
exactly in the space of constant loops. Thus, using the G-invariance of (-, -}, it gives rise to
a symplectic form w on LG/ G via left translation. Also, G/T is a generic coadjoint orbit
of G and hence has a symplectic structure for each generic H € f given by the Kirillov
form w(’;{ . On the tangent space at eT, this form is given by

o (X,Y) = (H,[Y, X]).

As a manifold, LG/ T is isomorphic to LG/G x G/T. So for each generic H € §j, we have
a symplectic form on LG/ T given by ol = priw + prﬁa)g’ .

There is a second symplectic structure on LG/ T which comes from the fact that LG/ T is
isomorphic to a coadjoint orbit of the group LG. The coadjoint actionof y € LGon Lgd R
is given by (cf. [7,21])

y(X,n) = (Ady(X) +ry'y L A).
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Here Lg is identified with the smooth part of (Lg)* via the non-degenerate symmetric
bilinear form (-, -) on Lg defined by

1
(X, Y>=/ (X(0),Y (1)) dz.
0

The orbits of this action can be classified in terms of conjugacy classes of the corresponding
compact Lie group G via the following construction: For each (X, A) € Lg@® R with A # 0
one can solve the differential equation

7 =—-1"1Xz

with initial condition z(0) = 1. Since X is periodic in ¢, we have z(¢ + 1) = z(t) Mx, where
Myx = z(1) € G is the monodromy of the differential equation. Now the theory of differ-
ential equations with periodic coefficients (cf. [7,21]) implies the following proposition.

Proposition 3.1.

1. For A # 0, the orbits of LG on Lg x {A} correspond precisely to the conjugacy classes
of G under the map (X, A) — Mx.

2. The stabilizer of (X, A) in LG is isomorphic to the centralizer Z of Mx in G under the
map y +— y(0).

Let H be a generic element of fh and A # 0. From Proposition 3.1 we see that the orbit
of LG through (H, 1) is isomorphic to LG/ T. The Kirillov form & on LG/T is defined
exactly as in the finite-dimensional case. Now we can compare the two symplectic forms
on LG/T.

Lemma 3.2. The two-forms o™ and —&" lie in the same cohomology class of LG/ T.

Proof. This is a direct generalization of [21, Proposition 4.4.4]. g

It was shown in [21, Chapter 8.9] that the symplectic manifold LG/ G admits a complex
structure which makes it into a Kéhler manifold. Furthermore, we can pick a complex
structure on G/T which is compatible with the symplectic form a)g . Putting these two
structures together, we get a complex structure on LG/ T which is compatible with ™.

Our next goal is to show that the symplectic form ! and the Riemannian metric o on M
are zeta-compatible in the sense of Section 2.1. The Riemannian metric on LG/ T is given by

1
oer(X,Y) =/ (X (1), Y (1)) dt,
0

while the symplectic form o’ is given by
1 1
o (X, Y) =/(; (X'(1), Y (1)) +/0 (H,[Y (1), X()]) dt

1
— (X', ) — fo (LH., X ()], Y (1)) dr.
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So the endomorphism B, .7 is given by

d
Bs.er = 5 ad(H).
Since both the Riemannian metric and the symplectic form are defined on LG/ T via left
translation, the zeta-regularized Pfaffian of B, — if it exists — will be a constant. So to
check the compatibility of w and o, we have to show that the zeta-regularized Pfaffian
Pf; (Bs)(eT) indeed exists. Let us identify the root system A of g ® C with a subset of the
character lattice Q of T defined above (see e.g. [2]).

Lemma 3.3. The Pfaffian Pf. (Bs)(eT) exists and is given by

Pf; (By)(eT) = (2)9m® ]_[ 2sin(ra(H)),

aeAL

where Ay is the set of positive roots with respect to the Weyl chamber K C Y such that
HeK.

Remark 3.4. Note that ]_[a c A+2 sin(ma(H)) is the denominator in the Weyl character
formula for the compact Lie group G.

Proof. Using the root space decomposition of g ® C, one sees that the eigenvalues of
Bg o1 are {£27in},en U {£27in £ 2wia(H)},eNy,aea, - The multiplicity of the eigen-
valuesis 1 if « # 0 and ! = dim T if @ = 0. Thus, the zeta-regularized determinant of
B er is

[es] o0 l
det; (Brer) = [ ] ((2na(H)>21"[(2n)4(n2—a(H)2>2> (H(znn>2)
¢ =l e

aeAq n=1
o 21
=T1 (2na(H)H(2rm)2 (1 (H) )) (HZnn)
acAy n=1 e

00 2dimg
]_[ 4sin’(ra(H)) (H271n) = (2r)%dimg ]_[ 4sin’(ra(H)),

OZEA+ n=1 ¢ OZEA+

where we have used the identity

lo_O[ <1 B x2 ) _ sin(x)
722 ) x

n=1

and the first example for zeta-regularized products from Appendix A. Since the Pfaffian
Pf; (B,)(eT) is defined as the square root of det; (B, .7), the lemma follows. O
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3.2. A torus-action on LG/ T

Let us identify LG/ G with the space of based loops 2G = {y € LG|y(0) = e}. The
circle S! acts on £2G by rotations R;, where

Riyw) =yu+0y@® "

The maximal torus 7 C G acts by conjugation on LG/ G, so together we get an ' x
T -action: An element (¢, exp(H)) € S! x T acts on LG/ G via

(t,exp(H)) : y = exp(tH) R;(y) exp(—tH).

The fixed points of this action are precisely the homomorphisms y : ' — T ([21, Chapter
8.9]). Furthermore, T acts by left multiplication on G/T with fixed point set N(T)/T,
where N(T) is the normalizer of 7 in G. Letting S! act trivially on G/ T, we get an
S x T-action on LG/ T which has fixed point set Q¥ x W, where Q" denotes the lattice of
homomorphisms ' — T and W = N(T)/T is the Weyl group of G. It is straightforward to
check that this torus-action leaves the symplectic form w* as well as the complex structure
I invariant.

Take a generic H € . Such H defines an R-action on LG/ T by the construction outlined
above. If tH € ker(exp) for some ¢ € R*, we get in fact an S'-action but this will be of no
concern for us. In both cases, the fixed point set of this R-action is still Q¥ x W.

Now let us compute the denominator z , (H) of the Liouville functional: The tangent space
of LG/T at the point eT is isomorphic to Lg/h. Its decomposition into rotation planes is
exactly the decomposition of Lg/h into eigenspaces of the endomorphism S, (eT) used
in Lemma 3.3. As we saw in the proof of Lemma 3.3, the eigenvalues of the torus-action
are given by the two series {2mi(fa(H) & n)}aea, n>0 and {£27in},~o again with the
multiplicity 1 if « = 0 and [ if « # 0. Remember that in the definition of Z,7(H), the
eigenvalues of the torus-action were multiplied by 1/2mw. Therefore, we have to calculate
the regularized product

o0 o l
Za(H) = [] ((a(H)>2H<n2—a(H)2>2) (]‘[rﬂ) :
e n=1

acAy n=1 e

Now the same calculation as in the proof of Lemma 3.3 yields the following lemma.

Lemma 3.5.

Zer(H) = (V27)! ]_[ 2sin(ra(H)).

(,YEA+

So the series defining Z.7(H) is zeta-multipliable and we have checked all the necessary
premises to calculate the Liouville functional of a Hamiltonian of our R-action on M.
Finally, we have to calculate the number #(, w) for the fixed points (8, w) € QY x W of
the torus-action. To do this, we will identify the fixed point set Q¥ x W with the Weyl group
W of the untwisted affine Lie algebra gc corresponding to the Lie algebra G. Furthermore,
the set {a £ nla € A4, n > 0} U {£n|n > 0} can be identified with the root system A of
dc (cf. [12]). Let us assume, that H € § lies in a fundamental alcove of the W-action on
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h. Then the set A~+ ={u € A~|a(H ) > 0} defines a decomposition of A into positive and
negative roots. Now one can see (for example by identifying the tangent spaces T(g,.,)LG/ T
with T,LG/ T via left multiplication by a representative of (8, w) ! in LG) that #(8, w) is
exactly the number of positive roots of gc which are mapped to negative roots by the action
of (B8, w) on the root system of gc. By definition, this is the length I(8, w) of (8, w) in w.

3.3. Calculation of a Liouville functional
Given H € gand y € LG, we can define a vector field ad H (y) along y via

0
ad H(y) = 7| exp(sH)y exp(—sH).

5s=0
For generic H € b let us define a function Jg : LG — R via

1 1
VHE/O

Since the scalar product (-, -) is G invariant, we have Jy(y) = Jg(yh) forallh € T.
Therefore, Jy defines a function on LG/ T which will be denoted with the same symbol.
Suppose we have fixed a finite-dimensional faithful representation of the group G. Then

we can write Jy (y) = 1 [ 1y'()y ' (0) + y )Hy ' (1) — H|* dr.

2
de.

0
(Wm —ad H(y(r))) y Lo

Lemma 3.6. The Hamiltonian vector field on LG/ T corresponding to Jy is exactly the
vector field on LG/ T coming from the R-action defined by H.

Proof. This is a calculation similar to the proof of Proposition 8.9.3 in [21]. 0

The next step is to calculate Jg in the fixed points of the R-action: Let g,, € N(T) be a
representative for w € W, and let 8 € QV. Then for y () = g, exp(z8) we have

1! 1
Jn(y) = 5/0 18+ w(H) = HI* dt = ~[|f + w(H) = HI.
Plugging this into the definition of the Liouville functional yields

! 2
Li(Ju) = _ (=1)! @) o=(/Dp+w(H)—H]?
(V2m) [pen, 2 sin(ra(H)) u;VﬁEXQ:V

Letp = %Za e, @ denote the half sum of positive roots. A calculation due to Frenkel ([7,
Theorem 4.3.4]) involving Poisson re-summation of the sum above, gives

Z Z (—1)! @) o=(/DIf+w(H)—H|?
weWpeQv
[Taen, 4sin*(ra(H))

- s (exp(H)) P e~ (/241
(V2m)! vol(Q) Aezm o

where Py denotes the set of dominant weights of G and y; the irreducible character of G
corresponding to A € Py.
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Putting the above calculations together with the definition of the Riemannian volume do
in Section 2.1 yields the main theorem for this section.

Theorem 3.7. The following identity is valid:

1 2
—Ju _ 2 .—(1/D)IA+pll
e 'Hdo = . E [x.(exp(H))|" e .
/LG/T QoI Vol (V) L

Remark 3.8. In our calculations leading to the partition function of the Lie group G, we
always chose the element H € h which defines the symplectic structure on LG/ T to be
the same as the element K € ) which defines the R-action. Of course this is not necessary
and was only done to emphasize the similarity of the calculations with those leading to the
partition function of the WZW model in Section 4.3. Indeed, for certain choices of H and
K, the resulting function will have a very natural interpretation as we shall see momentarily.

Choose @ € R.g and H € b such that aH is generic in . Then we can define a

non-degenerate closed two-form w* on LG/ T viaw™ ¢ = prio® —i—pr;a)(‘)H , where we have

identified LG/ T with LG/G x G/T as before, and (X, Y) = fol (aX'(t), y(t)) dt. Fur-
thermore, let us choose » € R. g and K € f. Then we can define an R-action on LG/ T via
u:y +— exp(buk) Ry, (y) exp(—buk).

If bK is generic, the fixed point set of this action is Q¥ x W as before. The vector field
defined by this R-action at a point yT € LG/T is by’ + ad(bK)(y), and as in Lemma
3.6 one can deduce that this vector field is exactly the Hamiltonian vector field on LG/ T
corresponding to the function Jy x 4,5, Where

_ab - —lny _ 2
JHK.ab(y) = 2 )y ly' @y @) +yOKy (1) — H||"dz.

The skew symmetric automorphism relating the Riemannian and the new symplectic
structure on LG/ T is now B, (eT) = a(d/9t) + ad(aH) and its zeta-regularized Pfaffian is
given by

Pf; (Bo)(eT) = a®™8(2m)™9 [ 2sin(ra(H)).
acA L

Accordingly, we get
Zor(K) = p4m8(257)dima (/27! ]_[ 2sin(ra(K)).

OlEA+

Set ¢ = 1/ab. Then the same calculation as the one leading to Theorem 3.7 gives

Z Z (—1)[(“’) e—(l/ZC)IIﬁ+w(K)—HII2 _ ]_[aeA+2 sin(ma(—H))2 sin(ra(K))

weWpeQv (‘/E)l vol(QVY)
x 3 | exp(—H))xa(exp(K)) e~ /DIl
)\.EP++

So putting everything together gives the following generalization of Theorem 3.7.
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Theorem 3.9. Let a, b, K, H as above. Then the following identity is valid:
/ ATy — L
LG/T (ab)dim 8 (277 )!+dim 8 yol(QV)

x 3 so.(exp(— H)) i (exp(K)) e~ (1/2aDIA+2I,
AEPy

In [7], Frenkel has shown how for certain H and b, the numerator of the right-hand side of
the equation in Theorem 3.9 can be interpreted as the numerator of the Kac—Weyl character
formula for highest weight representations of the untwisted affine Lie algebra corresponding
to g evaluated at K, b. So Theorem 3.9 gives a realization of the affine characters as integrals
over a coadjoint orbit. This is one of the main features of Kirillov’s “method of orbits” in
the representation theory of Lie groups [14]. In the next paragraph, we will compare our
approach to these orbital integrals via the Liouville functional to the analytic approach using
the Wiener measure on a compact Lie group developed in [7].

3.4. Comparison with Wiener measure

In his heuristic deduction of the index theorem for the Dirac operator on a Riemannian
manifold, Witten (cf. [1]) has suggested that the Wiener measure on a Riemannian manifold
M should be closely connected to the “Riemannian measure” on the loop space of M.
(Of course, the loop space of M is not a symplectic manifold in our sense, but one can
extend the definition of the “Riemannian volume form” do to this case.) In the case of the
homogeneous space LG/ T we consider, we can make this connection between do and the
Wiener measure deo on the compact group G explicit. In fact, one can embed LG/ T into
a space of continuous maps [0, 1] — G on which the Wiener measure is defined. So the
first guess would be that after possibly some identifications one has do = dw. But by
construction, do is invariant under left translations, whereas the Wiener measure is only
quasi-invariant: Set

Cg = {z: [0, 1] = G|z(0) = e, z continuous}

and let f : C¢ — R be integrable with respect to the Wiener measure @ on Cg. Then
f@dw (@) = / flgaye™ €T mUDEETLEET gy (o),
Cg Cg

where g € Cg and (X, Y) = fol (X (@), Y())dt for X,Y € C([0, 1], g). See [7] for more

details. To get rid of this defect, we will replace dwr (z) with d&r = /21777 I e (7).
The new “measure” der is indeed invariant under left translations and we will formally
have do = d@ as desired.

To be more concrete, remember the classification of the LG-orbits on Lg x {1} from
Proposition 3.1: Let O, denote the conjugacy class of G containing the element g and set

Cg,0, = {z € Cgsuchthatz(1) € Og}.

Let us identify Lg x {1} with Lg. Then LG acts viay : X — yXy~! 4+ y'y~1. After
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identifying LG/ T with the LG-orbit through H, we can define a map

¢:LG/T — Cg.0

exp(H)
via
-1 -1
YHY  +v'y T = 2my-1hy1
where zx denotes the fundamental solution of the differential equation 7/ = —Xz. Now

one can identify Cc with a subspace (Lg); of (Lg)* (see [7]), and in this identification,
CG,Ourp(r) CaN be viewed as the closure in (Lg) of the coadjoint orbit containing H.

The most natural measure Cs.0, is the conditional Wiener measure wg o, constructed
in [7]. Let f : Cg,0, — R be an integrable function with respect to this measure. The
integral over f will be denoted by

/ @) dwe.0, (2).
Cq,0,4

This integral has the quasi-invariance properties stated above. As outlined before, let us
—1)2
I

replace dwg, 0, (z) with dwg o, (2) = e(/DI'z dwg 0, (z) such that we get

/ f(y2)d@G, 0,0, (2) = / f(2)ddg.0,(2)
Ce,04 6.0

C‘é’

forall y € Cg.

Now let us define a function J H : CGvoexp(H) — Rvia Jy(z) = %Hz/z_l + H|?. One

checks directly that ¢*j g =Jy with¢ : LG/T — CG,Oexp( #, as before. The main result
of this section is the following proposition.

Proposition 3.10.

/ e_JH(V> dU()/) — c/ e_fH(Z)de)'G,chp(H) (2)
LG/T

€6, 0uxp(r)
with ¢ = e1/DIPI (2 ) Hdima yol(QV),

So up to a constant which does not depend on H, the Wiener measure on Cg ¢ d

the “Riemannian measure” on LG/ T are equal.

exp(rry AN

Proof. For z € Cg 0, We have
Jn@ = 31 P+ (H. 227 + 5 HI,
so that we get

exp(H) *~exp(H)

—J ~ —(1/2)||H|? —(H,7'z7!
/ O 4, o () = e 1/ e dme, (o),
CG’chp(H) CG’Oexp(H)
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The last integral was computed in [7, Theorem 5.2.15].

_ 2 _ =1 _ 2_ 2

e /)1 H e (H,z'z7%) deVOEXP(H)(Z) — Z |XA(H)|ZC (/2)Ir+pl==llpll X
CG'Oexp(H) AP,

Comparing this result with Theorem 3.7 finishes the proof. g

Remark 3.11. Theorem 3.10 can be easily extended to the function Jy, g 4 » Which shows
that the approaches to the orbit theory of affine Lie algebras via the Wiener measure and via
the Liouville functional are equivalent. Of course, following Witten’s assumption that our
“Riemannian volume form” does indeed have something to do with the Wiener measure,
this is the result one should have expected.

3.5. The twisted partition function

In this section, we will “integrate” functions on the coadjoint orbits of twisted loop
groups. In this case, the calculation of the zeta-regularized Pfaffian gives a “duality” between
root systems which also appears in the calculation of characters of certain non-connected
compact Lie groups (cf. [27]).

Let ¥ be an outer automorphism of order ord(ys) = r of the simply connected compact
semi-simple Lie group G such that ¢ acts as an automorphism of the Dynkin diagram
on the root system of the complexified Lie algebra g ® C. Let us denote by L(G, 1) the
corresponding twisted loop group:

L(G,¥) ={y e LG|Y(y(t)) = y(t+1/r)forallt € [0, 1]}.

The Lie algebra of L(G, ¥) will be denoted by L(g, ¥). By restriction, the symmetric
invariant form (-, -) and the antisymmetric form w on Lg give a symmetric and an anti-
symmetric form on L(g, ¥), which will be denoted by the same symbols. The form (-, -)
is non-degenerate on L(g, ¥) and defines a Riemannian structure ¢ on L(G, ¥) by left
translation. The form w is degenerate exactly in the subspace of constant loops so that it
defines a symplectic form on L(G, )/ GY, where GV denotes the group of fixed points
under the automorphism . Since we chose G to be compact and semi-simple, so will be
GV with maximal torus TY. The manifold GY /T¥ can be viewed as a coadjoint orbit of
GV through a generic H € h¥. As before, the Kirillov form on such orbit will be denoted
by a)éi. After identifying L(G, ¥)/TV with L(G,¥)/GY x GY/TV, we can define a
symplectic structure  on L(G, ¥)/TV via w” = priw + priwf'. As in Section 3.1, the
skew symmetric endomorphism of the tangent space at eT¥ of L(G,)/TV relating the
Riemannian metric o and the symplectic form is given by B, ,yv : X > X'+ adH (X).
The calculation of the zeta-regularized Pfaffian of B, ;v is essentially the same as the
calculation of the zeta-regularized Pfaffian in Section 3.1 but we have to be more careful
with the multiplicities of the eigenvalues.

Let A denote the root system of g ® C and let A denote the “folded” root system, i.e.
AV = {a|a € A}, where a denotes the element ¢ = (l/Ord(I//))Z?fl(W)lﬂi(Ol). Let us
assume for the moment that A is an irreducible root system of type ADE but not of type
As,. In this case AV is a root system of type BCFG. Let A;{/ and A;// denote the subsets of
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short and long roots in AY, respectively. Now we can use [12], Proposition 6.3 to see that
the eigenvalues of B, .7y are given by

{X27in|n € Nog} U {2ri(*a(H) + n)|a € A;/’, n ez}
U{2ri(+a(H) +nla € Al n € 7).

Furthermore, if A is of type X y in the notation of [12] then for an arbitrary eigenvalue 2wiA
of B, v, we have mult27id) = 1if A = a(H) +n witha € AV . In case A = n we have

mult(27ir) = I = dim(TVY) if r divides n and mult(2zir) = (N —1)/(r — 1) if rfn. So
the zeta-regularized determinant of B, ,7v is given by

dety (B o) = [] ((2na(H)>21"[(<2n>2(n2—a<H>2)>2)
¢

aeAﬁ, n=1

< 1 ((2m(H>)21"[<(2n)2(r2n2—a(H>2)>2)
¢

aeAﬂi n=1
00 (N=D/(r=1) / I=((N=D)/(r=1))
x (H(2nn)2) (l_[rz(Znn)z)
n=1 ¢ n=1 ¢
b4
= [ 4sin’Gram)) ] 4sin’ (—a(H))
r
aeAﬁ, aeAﬁ
00 (2(N—l)/(r—l))+4|A;ﬁ| 00 21—(2(N—l)/(r—1))+4|Ay+\
X (1_[27171) (Han))
n=1 ¢ n=1 ¢
. v
:(27_[)2dlmgwrl—((N—l)/(i‘—1))+2|A[+| l_[ 4Sin2(7'rot(H)),

%
aeAl

where AY" denotes the root system dual to AY . So analogous to Lemma 3.3, the zeta-regularized
Pfaffian of B, ,rv now reads

PE, (Bo)(eT?) = (m)im " (/= V=DI=0208L1 T 2 sinGra(H)).

Y
acAl

Note that up to a constant coefficient, the Pfaffian Pf, (B,) (eTY) is exactly the denominator
of the Weyl character formula for the compact Lie group with root system AY", or equiva-
lently, the denominator of the characters on the outer component of the principal extension
of the Lie group with root system A (cf. [27]). In any case, we see that the symplectic form
and the Riemannian metric on L(G, )/ TV are compatible in the sense of Section 2.1.
The S! x T-action on LG/T considered in Section 3.2 defines an S' x TV -action on
L(G, ¥)/TV by restriction. That is, S! x TV acts on L(G, ¥)/GY by “twisted rotation”
and TV acts on GY/TY by conjugation. A similar calculation to the corresponding one
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for the untwisted case shows that the fixed point set of the “twisted rotation action” of
S x TV on L(G,¥)/GY is given by the lattice M C b which is generated by the long
roots in AV (where we have identified h with h* via the negative of the Killing form on G).
The fixed point set of the 7¥-action on G¥ /T is given by the Weyl group W¥ of G¥.
As a set, WY x M can be identified with the affine Weyl group belonging to the twisted
affine Lie algebra corresponding to L(G, ¥) (see e.g. [12] or [27] for more on the theory
of twisted affine Lie algebras). The number #(w, B) for (w, 8) € WY x M is again given
by #(w, B) = I((w, B)), where [((w, B)) denotes the length of (w, B) in WY x M.

Let us compute Z,7v (H): A calculation similar to the one we used for the Pfaffian now
gives

Z,v(H) =c ]_[ 2 sin(ra(H))

A%
a€Al

with ¢ = (v270)! (/) - (N =D/ =D)+214%, |
Now let us consider the function Jgy|L(G, w)/T‘/’ : L(G, w)/T‘/’ — R, where Jy is
the function we considered in Section 3.3. That is

1 1
Tu(y) = 5/0 I Oy + y O Hy =\ () — H] dr.

Since for generic H € hY, the corresponding R-actionon L(G, 1)/ T is just the restriction
of the corresponding R-action on LG/ T, it follows from Lemma 3.6 that the Hamiltonian
vector field on L(G,v)/TV corresponding to Jy is the vector field generated by the
R-action. Therefore, we can calculate the Liouville functional of Jg: A calculation in [27,
Section 4.2] implies

Z Z(_1)l(w)e—(1/2)H/3+w(H)—HII2
weWV peM

[Tueat 4sin®(a(H))

= HY)) 2 e~ /210717
B ol M) > Ixalexp(H))*e
rEPL(AD)

where P(AY") denotes the weight lattice of the root system A L P, (AYY) denotes the cone
of dominant weights, y; denotes the irreducible character of the compact simply connected
semi-simple Lie group of the same type as the root system AYY, and pV is the half sum
of the positive roots of A¥" . Putting this together with the calculation of the Pfaffian gives
the following proposition.

Proposition 3.12.

_ _ 2
/ e do(y)=C Y Dxalexp(H))Pe VAT
L(Gv‘/f)/Tw )LEP+(A1[/V)

N v
with ¢ = ((27.[)1+d1mg‘/ VOl(M)rl_((N_l)/(r_1))+2|AHI)_1.
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Remark 3.13. If A is of type Ay, the root system AY is a non-reduced root system of type
BC,,. That is, three different root lengths occur. In this case, a similar calculation shows that
after replacing the root system AYY with a reduced root system of type C,, Proposition
3.12 still holds true.

Asin the non-twisted case, one can compare the Liouville functional with a certain Wiener
measure: The space L(G, )/ TV can be embedded into space of paths in the outer compo-
nent Gy of the non-connected Lie group G x (i) on which the Wiener measure is defined
(see [27] for details). Comparison of the Wiener measure on this path space with the “Rie-
mannian measure” on L(G, ¥)/ TV yields the same result as Section 3.4. The calculations
leading to Theorem 3.9 can be easily adjusted to the twisted case so that we have an anal-
ogous re-interpretation of the orbital theory for the twisted loop groups developed in [27].

4. The WZW model
4.1. The WZW model at level k

The WZW model is aquantum field theory on a Riemann surface X with values in a simply
connected semi-simple compact Lie group G (or more generally in its complexification G¢).
See e.g. [9] for an introduction to quantum field theory in general and the WZW model on
an arbitrary Riemann surface in particular. We will only be interested in the case when ¥
is the elliptic curve X, i.e. the torus S' x S! + R?/Z? together with a complex structure
which is defined by declaring f : X, — C to be holomorphic if 8 f := (8; + 78;) f = 0.
Here t = 11 + ity with 71, 7 € R, 750 > 0 denotes the modular parameter of the elliptic
curve X;.

As before, let (-, -) denote the Killing form on g¢ normalized so that the long roots have
square length 2 and set 0 = d5; + 79;. In our normalization, the action functional of the
WZW model at level « is given by

KTT _ - ik R
SG,K<g>=—2—UfE<g l9g. g ‘ag>dsdt+7/;tr<g Tdg)™,

where B is a three-dimensional manifold with boundary 0B = ¥, and g : B — G is a
map such that g|3p = g and tr denotes the negative of the normalized Killing form as well.
The second term in the action is the so-called Wess—Zumino term. Up to the factor ix, it is
the integral over the pull back of the generator of H3(G, Z) to B via the map g. The action
Sc.x was first studied by Witten [28].

If 31 and g, are two different extensions of g they differ by amap  : B — G such that
h|33 = e. But for such /2 we have (ﬂ/3)thr(h 1h)A3 € 277 such that the action e56.«<(8)
is well defined for « € Z.

Some of the transformation properties of the WZW action are given by the Polyakov—
Wiegmann formula (cf. [10,22]).

Proposition 4.1. Let g, h : ¥ — G. Then the following identity is valid:

KT _ = _
S6.0(8h) = S.0(2) + S, ) = - /2 (o0, D=1y ds dr.
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Note that the imaginary part of the term (k7 /12) f P (g~ 'dg, dhh™') ds dr is exactly the

cocycle in the explicit construction of the central extension G of the loop group LG as a
quotient (see [8,18]).

Proof. One directly checks that

Kk 1 -1 1 _—13
. (h="g~ 0(gh),h g~ d(gh))dsds

=T [ (g 'og. g g dsdr — ﬂ/ (h='8h, h='9h) ds dt
20 )5 2n)s

KTT
_T_z,/ (g~ "0sg. 9hh™") + 11 (g " 0sg. Bhh™") + 11 (¢ 0rg. dshh™")
X
+1i(g " Og, 0hh™ ")) ds dr.

On the other hand, we have
S witom ! atemy?
=—/tr(g a3 + 3 /t(h Lap)n3
—i—i;cnf tr((g~ " dg)"? Adhh™! + g7 dg A (dhh™1H)"?)
— —/tr(g Lag)™ + 3 /t (h—'dn)"3 +1Kn/dtr(g*1dgAdhh*1).

Now Stoke’s theorem implies i/crrdetr(g_l dg Adhh™1) = iKTL’ZEtI'(g_l dg A dhh™ ).
Writing dg = d;g ds + 0;g dr and dh = dsh ds + 9,5 dt yields the assertion. O

Let H € hbe generic. We will extend the WZW action slightly by adding an H-dependent
term: Set
km -1 3o -1 -1
S6,H.x(8) = Sc.c(8) + 1_2/ ((g g, H) —(dgg ", H) — (H, g "Hg)
e
+(H, H))ds dr.

Sc.H.«(g) 1s essentially the action of the gauged WZW model studied in [10]. The partition
function of the gauged WZW model at level « is formally given by the integral

/ eSG,H,K(g)D(g)’
C®(Z¢,Ge)

where the integration ranges over all C*°-maps g : ¥ — G¢.

The main goal of the next two paragraphs is to make sense of this integral and to calculate
the partition function using the Liouville functional approach. To do this, we will have to
work in a complex setting as described in Section 2.2.
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4.2. Double loop groups and a torus-action

From now on we will consider the group G ¢, which is the complexification of the compact
semi-simple simply connected Lie group G. Let LLG¢ denote the set of all C°°-maps from
the torus S x S! to G¢. Together with pointwise multiplication LLG¢ becomes a Lie group
with Lie algebra LLgc, the set of C*°-maps from S! x S to the Lie algebra g¢ of G¢. A
one-dimensional central extension L?:@C and the corresponding coadjoint representation
of Lfl\,JG(c was constructed in [5]. One of the results of [5] is that a generic coadjoint orbit
of LLG is isomorphic to LLG¢/ T, where T is a maximal torus in G and T¢ denotes its
complexification.

Let H € b be generic and choose a modular parameter T = 11 +itp € Csuchthaty > 0.
With these choices made, we can define a non-degenerate closed two-form and an R-action
on LLG¢/ T in total analogy with Sections 3.1 and 3.2, respectively: Note that we have
LLGc/Tc = 282G x G¢/ T, where §282G ¢ denotes the set of maps g € LLG¢ such
that g(1,1) = e. Let X, Y : S' x S! — g¢ be elements of the Lie algebra of LLG¢. Then

(X, V) =~ (X (s, 1), Y (s, 1)) ds dt
T2 Jstxs!

defines a C-valued skew symmetric bilinear form on LLgc which is degenerate on the set
of holomorphic maps. Since X'; is compact, any holomorphic map from X; to G¢ has
to be constant. Hence, by left translation, @ defines a non-degenerate C-valued two-form
on LLGc /G = 22Gc. We can choose a C-valued two-form a)gl on G¢/Tc which is
defined via a)geTc(A, B) = (n/t)(H,[A, B]) for A, B € T, and extended to G¢/T¢
via left translation. Putting these two-forms together, we obtain a non-degenerate C-valued
two-form o = prio + pr%w{){ on LLG¢/Tc. As in the case of loop groups, one checks
that w' is closed. Hence it can be considered as a C-valued symplectic form in the sense
of Section 2.2.

Our next goal is to find an almost complex structure J on LLG¢/ Tc which is compatible
with the complex-valued symplectic form w’! in the sense of Section 2.2. Consider the
decomposition go/hc = Daecafe into one-dimensional root spaces. Here, as before, A
denotes the root system of g¢. For each o € A choose X, € g4 such that (X, X_4) = 1.
Furthermore, choose an orthonormal basis Hy, ... , H; of . Then any X € LLgc/hc can
be written as

1
X (s, 1) = Z ch,m,aXa eZﬂi(ns+mt) + Z ch,m,jHj eZﬂi(ns-i—mt)

(n,m)eZ?acA (n,m)eZ? j=1
(n,m)7(0,0)

with ¢, .« Cnm,j € C.

As always, let T = 11 +117 denote the modular parameter of the elliptic curve. Let A be
a set of positive roots of g¢ with respect to some basis of A. Then let us decompose the set
A = {(a,n,m)|a € AU{O}, (n, m) € Z*(ar, n, m) # (0,0, 0)} into A U A_ via defining
(e, n, m) to be positive if eithern + tym > Oorn+17ym =0andm < Oorn =m = 0 and
a € Ay. Now we can define an R linear anti-involution J of LLgc which anti-commutes
with multiplication by i as follows.
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For ¢ € C, set

= —2mi(ns+mt) : by
i CnmaX—a€ if(a,n,m) € Ay
J(Cn,m,aXa eZm(nermt)) —

—CnmaX_qe TSI if(0 nom) € A_.

Analogously, set

Cnmyv Hy e 2T0STM 580, n,m) € Ay

J(Cn m ;éHv e2ni(ns+mt)) — -
—Cpmoy Hy € 727100580, nom) € A,

Now if the the set of positive roots A is chosen in such a way that H lies in the fundamental
Weyl chamber with respect to A, itis straightforward to check that the complex structure J
is indeed compatible with the symplectic form !’ in the sense of Section 2.2. Furthermore,
J commutes with the natural T¢-action on LLgc /fc. So J defines an automorphism of the
tangent bundle and thus an almost complex structure on LLG¢/ T¢ by left translation.

A bilinear form on LLgc is given by

o(X,Y) =JTf (X(s,1),Y(s,t))dsdt.
Slx st

Hence the skew-symmetric automorphism of the tangent space relating ol and o reads
Bsere = (1/12)(0 + ad H). As before, let A denote the root system of G. Then the
eigenvalues of By .1 are

2mi
—m+tm+oa(H))fora € A, n,m € Z,
2

i
—Nl(n + tm)forn,m € Zandn # 0orm # 0.
1)

The multiplicity of the eigenvalues in the first series is 1 and the multiplicity of the eigen-
values in the second series is [ = dimp §. This can be seen using the root space decompo-
sition of the semi-simple Lie algebra gc.

Unfortunately, we cannot calculate the zeta-regularized product of the eigenvalues of
B o1 since the product ranges over a series of complex numbers. To avoid this difficulty,
we will introduce an appropriate torus-action on LLG¢/ T¢ and then calculate the product
Pf; By e1c Zero (H) which will be the denominator of the partition function. Here, Z.7. (H)
is the zeta-regularized product of the “positive” eigenvalues of the torus-action.

There is a natural action of the torus S' x S! x T on LLG¢/Tc, where the first two
factors act by rotating the loops and the second factor acts by conjugation. This action is
defined analogously to the S' x T action on LG/T considered in Section 3.2. The fixed
point set of this action is the set Q¥ x QY x W, where, as before, Q¥ x QV denotes the
lattice of homomorphisms S' x §' — T and W is the Weyl group of G. This follows
from exactly the same calculation which gave the fixed point set of the S' x T-action
on LG/ T in Section 3.2. Furthermore, one checks directly that the S! x §! x T-action
on the tangent spaces Tg, g,,w)LLGc/ Tc commutes with the complex structure J for all

(B, B2, w) € QY x QY x W.
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The differential 0 = 95 + 79, defines an element in the complexified Lie algebra of
St x Sl SoforH e b, the pair (3, H) can be viewed as an element in the complexified Lie
algebra Liec(S! x S' x T) of ' x §! x T and hence defines a vector field on LLG¢/ Tc. The
eigenvalues of the corresponding action of (3, H) on the tangent space at 7, Tc LLG¢/ T¢ are

2ri(n +tm + a(H))fora € A, n,m € Z,

2wi(n + tm)forn,m € Zandn # OQorm # 0.
Again, the multiplicity of the eigenvalues is 1 if « # O and / if « = 0.

Let us compute the product Pf;(Bs)(eT¢)Z(H). For simplicity, we will compute
(Pf; (Bs)(eTc)Z(H ))2. Remember that in the definition of Z(H), the eigenvalues of the
infinitesimal R-action on the tangent spaces at the fixed points of the torus-action have to
be divided by 2, so that we get

(Pf(Bo)(eTo)ZH) = [] | T] (zt—” |n+rm+a(H)|2>

aeAy \(n,m)eZ? ¢

) I
X l_[ (_n |n + tm|2>

T
(n,m)eZ? 2
(n,m)7#(0,0) ¢

Since H € h was chosen to be generic, we have a(H) € R\Z for all « € A. Therefore,
we can calculate the zeta-regularized product using the Epstein zeta-functions ¢ (s; v) and
{7 (s; v) which are defined in Appendix A. Lemma A.2 implies

. 1 2
(Pf (Bo)(eT)Z(H)* = [ @)@« | T (; In +tm + a<H>|2)
a€AL (n,m)eZ? 2 ¢

[

) 1
x(2n’)l§f(0’0) 1_[ <E In + Tm|2>

(n,m)eZ?
(n,m)#(0,0) ¢

Now we can use Lemma A.7 to obtain one of the main results of this section.

Proposition 4.2. The following identity is valid:

P (Bo)Z(H) = CQrynin@ P [] 1g"" (e (%a(H)) —e (—%a(ﬂ)))

OZEA+

<101 = q"et@E)(1 — ¢"e(—a(H))?

n=1

with C = 27)~1/2.
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Note, that up to a coefficient, the right-hand side of the equation in Proposition 4.2 is
exactly the squared absolute value of the denominator of the Kac—Weyl character formula
(cf. [12]).

Remark 4.3. Let us consider the differential operator (0 + ad H (8 + adH) acting on the
space C®(S! x S!, g). This operator can be viewed as a non-Abelian generalization of the
Laplacian acting on the space C*°(S! x S', h) considered in [25]. Up to a coefficient, the
product (Pf; (Bs)Z(H ))? is the zeta-regularized determinant det; ((0 +ad H )(3+ad H)).
In the case of finite-dimensional Gaussian integrals, we have the equality

1
—(x,Bx) qn.. __
e d"x = ———,
/n J/det(B)

where B denotes a symmetric matrix. Thus, by analogy, the product (Pf; (B,)Z(H )~ ! can
be viewed as the Gaussian integral

f o—(X.(3+ad H)(d+ad H)X)D(X).

C(S'xS',9)/h

Maybe more interestingly, each o (H) defines unitary representation of the lattice Z + tZ
via (m 4 tn) > eXri@Hmtn) gych representation gives rise to a complex line bundle
over the elliptic curve X'; and our calculation of the zeta-regularized determinant of (0 +
adH)(d +ad H) is exactly the calculation leading to the analytic torsion of this line bundle
(see [23]).

Finally, we have to calculate the sign (—1)*” for the fixed points p of the torus-action
on LLG¢/Tc. We can proceed as in Section 3.2: Let (81, B2, w) € QY x Q V xW be
a fixed point of the §' x S! x T-action on LLGc/Tc. If we choose a representative
gw € G for each w € W, we can view (1, B2, gw) as an element of LLG¢c. Since
LLGc/Tc acts transitively on LLG¢/ T, we can use left translation by (81, B2, gw) to
identify the tangent spaces T,.7.LLGc/Tc and T(g, g, ¢, ) LLGc/ Tc.- Since (B1, B2, gw) 1S
an element of the normalizer of T, this identification is well defined. With this identifica-
tion, the corresponding infinitesimal S' x S! x T-action on T(g, g,.u)LLGc/ Tc is given
by (B1, B2, guw) ™" (35 + 3 + H)(B1. B2, gu) for (3; + 3 + H) € Lie(S' x S' x T). This
defines an action of Q¥ x QY x W on the set A. According to the definition in Section 2.2,

#(B1, P2, w) is the number of elements of A~+ which are mapped to A_ under (B1, B2, w).
Now, as in the case of affine root systems and Weyl groups, one can see (for example by
using the fact that the cardinality of the finite root system A is even) that we always have
(—D#Brbrw) — (1)) \where I(w) denotes the length of w in W.

4.3. Calculation of the WZW partition function

Now we will calculate the integral defining the partition function of the WZW-model
at level k. Note, that Sg g, (g) does not depend on the representative of g modulo the
complex torus T¢. Hence, Sg, i, defines a function on LLG¢/ T¢c. To apply the Liouville
functional approach, we have to check that Sg, p . is the Hamiltonian of a vector field on
LLG¢/ Tc which comes from the S' x S! x T-action considered in the last paragraph.
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Lemma 4.4. The Hamiltonian vector field on LLGc/Tc corresponding to —Sg. u.1 is
exactly the vector field on LLG¢/ Tc defined by the element (3, H) € Liec(S' x S x T)
as in Section 4.2.

Proof. Let g be arepresentative of g7¢ in LLG¢/ T and let §g be an infinitesimal variation
of g (i.e. a vector field along g). The vector field on LLG¢/T¢ generated be the element
(8, H) € Liec(S! x S! x T) is given at the point g7¢ by dg + ad H(g). So we have to
show that

—dSG.1.1(88) = w7(8g, 9g +ad H(g)).
Let us denote the H-dependent term in Sg, 1.1(g) by Sy (g) so that we have

S6.m1(8) = Sc.1 + Su(g).

From the Polyakov—Wiegmann formula (Proposition 4.1) one deduces that
s |
—dSg.1(8g) = —/ (¢ 0g,0(g ég))dsdr.
Jx
On the other hand, we have
~ T _ = _ —
—dSp(8g) = E/;Wg '9g), H) — (8(3gg™"), H) — (H, 8(g~'Hg)) ds dt.

We already know that §(g~'dg) = 9(g~'8g) + [¢~'dg, g '8g]. Thus, by partial in-
tegration, [,(8(g7'9g), H) = [s(lg~'dg, g '8¢, H)dsdt. Short calculations show
(8(9gg™"), H) = (3(g~'8g). g~ 'Hg) and (H, 8(g~'Hg)) = (H, [g~'Hg, g~'6g]). Putting
all these terms together gives

T - _ _ _
—dSG,H,1(8g>=5/ (3(g"6g). g '0g + g Hg) ds dr
)

T _ _ _
+—/ (H,[g 58, g~ '0g — g~ Hgl) ds dr,
J)s
which is the assertion. O

Since we have Sg g« = kSg H,1, Lemma 4.4 allows us to calculate the integral
/; LLGe /TCeSGvH-K do via the Liouville functional approach. Before we start with the cal-
culation, let us briefly recall some facts from the theory of affine Lie algebras (see [12]
for details). Let gc = Lgc @ Cc @ Cd be the untwisted affine Lie algebra correspond-
ing to gc and let A denote its generalized Cartan matrix. Let A denote the root system
of gc and choose a set ap . .. , a; of simple roots. Denote by « ... , &, the dual simple

roots, i.e. o; € 6 such that (¢;, ozjy) = (A);,j. Let a; be the “minimal” integers such that
A(ag, ... ,ay) = O0and set § = Z?zoa,-ai. Following [12, Section 12.4], we define the
canonical central element of g¢ as
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Turning to the representation theory of affine Lie algebras we define as usual

P={rehil(r, ) € Zforalli =0,...,n},
Py ={»¢e P|(r,a)) > Oforalli =0, ...,n}, and
Pyy={re P|(r, &) > Oforalli =0, ... ,n}.

There exists a bijection between the irreducible integrable highest weight modules of g¢
and the dominant integral weights A € f~’+. For A € P, let L(A) denote the corresponding
irreducible integrable highest weight module of gc. There is no essential loss in generality
for the representation theory of gc if we assume (X, d) = O for a highest weight X of gc,
so from now on, we restrict P to {1 s.t.(A, d) = 0}.

Since the highest weight modules L(A) are irreducible, K operates as a scalar on L(}).
We define the level k of A to be the non-negative integer k = (A, K) and set

PX = (i e Pyst.level(h) = k).

Now for A € 15+ let ch(X) be the character and x; be the normalized character of the
gc-module L()) (see [12, Chapter 10 and Section 12.7]). Choose an element Ag € f) such
that (Ag, a9) = 1 and (Ag, Ag) = (Ao,aiv) =O0foralli =1,...,. If we choose
orthonormal coordinates vy, ... , v; of h (with respect to the negative Killing form on g),
we can coordinatize h¢ via

l
v =2mi (szvv —TA)+ u8> R

v=1

and identify v € hc with the vector (t, H,u) with H =Y z,v, € hc and 7, u € C.
It is known (see e.g. [12]), that for any A € P, the character ch(}) and the normalized
character yx; converge absolutely on the domain

Y ={(r,H,u)|H € h; t,u € C,Im(r) > 0}.

Hence ch() and y; define holomorphic functions on Y. Since the center of gc acts on L(A)
by scalar multiplication, we can view ch(X) and x, as functions ch(A)(z, H) and y; (z, H)
of  and H and forget about the central u-coordinate without loss of information. For a
geometric interpretation of the y, (t, H) as sections of certain line bundles over certain
Abelian varieties, see e.g. [6,17].

An explicit formula for the normalized character x,(t, H) is given by the Kac—Weyl
character formula: As before, let O C b be the dual root lattice of g¢ (with the appropriate
identifications) and let A and A, be the set of positive roots of gc and gc, respectively
(with respect to the simple roots, «g, ... , ;). Set p = %ZaeAJra. For 1 € P define nLebh
to be the projection of 1 to h and for x, 7 € C, set e(x) = ™™ and g = e**I*. Then for
rE f’j{ C define

1
Ot Hy= Y e <§kr<y, y)+k(y. H>) :

yeQV+k1x
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With these definitions, the Kac—Weyl character formula (cf. [12, Chapters 10 and 12]) reads

Zu)eW(_l)l(w)@w()»-Fﬁ) (t, H)

H) = —:
W0 ) = e (o, HDTT, oa, (1 — e(—az, H)™ee”

where mult @ = dim g, denotes the dimension of the root space corresponding to & € A,
and p € h* is defined via (5, o)) = 1fori =0, ... ,land (p,d) = 0.

The squared absolute value of the denominator of this formula is, up to the coefficient
C, exactly the product Pf; (B,)Z(H) calculated in Proposition 4.2. This can be seen using
the decomposition of A into real and imaginary roots

o o0
Ap=2a,0| J{a+nsyu Jns.

n=1 n=1

Aij_n = {né|n € N} is called the set of positive imaginary roots. The multiplicities of the
roots are given by mult o = 1 fora € A, — A" and mult o = [ for A",
We can now state the main theorem of this section.

Theorem 4.5. Let hY denote the dual Coxeter number of gc and let k be a positive level
of §c. Set k = hY + k. Then the following identity is valid:

Co

S6,H.x — 2
e”¢fxdo = E [x1(t, H)]
/LLGC/TC C\C ~—

repk
with Co = k!, C| = «/2/(7:21/V01/<Qv and C as in Proposition 4.2.

Proof. The equality of the denominators in the equation follows with Proposition 4.2 and
the remarks after the Kac—Weyl character formula. So we have to calculate Sg g in the
fixed points of the S' x S x T-action which are given by (s, 1) — g. exp(spB) exp(t/1)
with B, u € QY and where g, is a representative of w € W. The action function S¢, g
can be rewritten as

_ kx —1 gy, —15 —lgy,
Sc.Hk(g) = 50 (g ' 0g+¢g Hg—H,g 0g+g Hg—H)
Jx
L] —1 ik ~—1 35\A3
—2i(g 08, g Hg—i—H))dsdt+—3 tr(g” dg)".
B

For g(s,t) = gy exp(sp) exp(tn), the Wess—Zumino term is easily calculated using its
translation quasi-invariance. In the proof of Lemma 4.1 we saw that

il f tr((gh)~'d(gh)® = —— / tr(g~dg)" + —— / tr(h~" dh)™3
3 /g 3 /B 3 Js

+ifcn/ tr(g~ dg A dhh™").
b

Writing g (s, 1) = gy (exp(sB) exp(fu)), we see that the constant term g, does not contribute
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to the integral. Furthermore, we have
KT 1 A3
= /B tr((exp(sB) exp(t0)) " d(exp(sp) exp(tp)))
= % /B tr(exp(—sB) d(exp(sB))”" + % /B tr(exp(—t 1) d(exp(tp)))

ticw /2 tr(exp(—sB) d(exp(sB)) A d(exp(tp1)) exp(—110)).

The first two terms of the left-hand side of the equation vanish and the third term is easily
calculated to be «mi(B, u). So in the fixed points of the torus-action, the action function
reads

TK
SG. . (8w eXP(B) X)) = =T (B + i + w'H-H,B+tu+w'H—H)

ik {w, w H + H) — ik (B, ).

Now after rearranging the order of the summation, Theorem 4.5 follows with
Lemma 4.6. O

Lemma 4.6. The following identity is valid:

volk QY Iw) —(ri)2 H—wH,B+7p+H—wH
(1) w)e (i /202)(B+TI+ wH,B+Tu+ wH)

2K‘L'21 5 X:Qv Z

\ JEQVWEW

eni/((ﬁ,ﬂ)—&-ni/((u,H—i—u}H)

X
=3 > D0, gy (r H) Y (=D DOy, 45 (T H).
Aeﬁiw]EW wyeW

Proof. Let us denote the right-hand side of the equation in Lemma 4.6 with Ny (z, H). Note
that we have p = p and level (p) = h" (see [12, Chapter 12]). Therefore

Ne(w Hy= )" > (=104t H) Y (=104 (z, H)

Aei’fwlew wreW
tn), (1
= Z Z Z (=1)"*Ve EKT()/,)/>+K<]/,H>
rePs WIEWy e QVi(1/k)wk

X Y (=D)""DBy 605 (x, H)

wreW

/ N2 R 1
=D > > DI, <—KT<—w/k+a,—w/k+a>)
2 K K

Aeﬁi+aeQVw,w/eW

1 - -
xe <k<—w/k +a, H>) O yira (T WH).
K
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The set {(1 /K)il)\, € Iﬂ’f 4} lies in a fundamental alcove of the affine Weyl group and the
singular weights do not contribute to the sum below. Since ®, only depends on the class
of y modulo QV, we can sum over o € Q¥ and w’ € W and get

Z Z (—1)1(111)6 (%n{ﬁ/, y) + k(y, H)) @y(f, wH)

ye(l/k)PweW

DY =nie (%rw, y)+ly, H>)

ye(l/k)PweWueQv

1_
xe (—Em(y +uy+u) —cly +u, wH))

Z Z Z (_l)l(w) e~ 2K T2 (Y, y) =2 Ty, ) =T ik T( 1L, 1)

ye(l/k)PweWpueQV

x eZﬂlK(y, H)—-2mixk (y+p,wH)

Z Z Z (= 1)) g=2mcn2({y.y)+{y ) = 2mikTi(y )+ 2minc{y H—wH)
ye(l/x)PweWueQV

~ efmr/c(//.,u)72mlc</th> .

We now need to apply the Poisson transformation formula: For an Euclidean vector space
V,alattice M C V and a Schwartz function f : V — C one has

Yo fB=voMY f()

BeMY yeM

with
78 = [V 2B () dy,

and where M denotes the dual lattice of M with respect to the scalar product on V. If we
choose

f()/) — 6—2711(12((y,y)+(y,u))—2nixtl ()/,M)+2Hil(()/,H—wH)—JTi'EK(M,M)—ZﬂiK(u,wH)’

a direct calculation yields

» 1
f(ﬂ)zm

Xe—ﬂiw’ﬁ)—(ﬂ/ZTzK)(ﬁ,ﬁ)+(m1/Tz)(ﬁ.u)—(ﬂ/fz)<f3’H—wH)—(ﬂ(flz+f22)K/2Tz)(M,u)

Xe(nrlK/rz)(p,,H—wH}—(JTK/ZQ)(H—wH,H—wH)—niK(u,H+wH)

So by the Poisson summation formula, we get
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1 )
Ne(t,H) = : Z Z (= 1)/ W) =il B)=(/2m26)(B. )
vol(1/k)P+/2k T BexQVweW e

e T/ (B.) —(/12) (B, H—wH) — (7 (v +13)k /272) u. o) +(r 1 /72) (1t H—wH)

Xe—(m(/Zrz)(H—wH,H—wH)—niK(;L,H+wH)

\Y
_ YolxQ S Y Y (1)) ek 2 616)
«/2/{‘[2 B.ueQvweWw
T TR/ 1) (B 1)~ (uic/ ) (B H —wH) — (1 (1} +73)x/212) (1. ) +( 1/ 72) (., H—wH])

Xe—(nk/ZIz)(H—wH,H—wH}—niK(u,H+wH)

volk QY I(w) =t /202) (B—T it H—wH, f—T ju+ H—wH)
o RIS

2KT2 B.ueQvweW
—mik (B, u)—mik (u, H+wH)

xe
_ volk 0 )W) o=Cr/20) (B+Tpt H—wH, f+Ep+H—wH)
Wl (D7 e
VK2 g eQVwew

Xean(ﬂ,;},)+n1K(u,H+wH) .

This finishes the proof of Lemma 4.6. 0

The modular group SL(2, Z) acts naturally on the torus S' x S'. Under this action, the
modular parameter t of the elliptic curve X; is transformed via

at+b
H
ct+d
for (i Z ) € SL(2, Z). This SL(2, Z)-action can be extended to the domain Y via
a b at+b H c(H, H)
(t,H,u) — , U — .
c d ct+d ct+d 2(ct +d)

It was shown in [13] that for each k € N, the SL(2, Z)-action on Y constructed above
gives rise to an SL(2, Z)-action on the set of normalized characters of gc at level k.
In particular, it follows from the explicit transformation properties of the characters un-
der the SL(2, Z)-action that the sum erﬁi |y (t, H)|? is SL(2, Z)-invariant. Since the
SL(2, Z)-action on the modular parameter arises naturally in the functional integral setup
considered in this paper, one should expect that the SL(2, Z)-invariance of the partition
function at level k can easily be deduced from its representation as a functional integral. In
fact, the search for a derivation of the SL(2, Z)-invariance of the partition function using
only functional integrals was one of the starting points of this paper. Unfortunately, this does
not seem possible since for the zeta regularization to work, o (H) has to be a real parameter
for all « € A. But the SL(2, Z)-action on Y does not leave the space {H|«x(H) € R for all
a € A} invariant. We can only deduce a slightly weaker result.
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The sum er By |x»(z, H )|2 depends continuously on H € b and is well defined for
H = 0. The functional integral in Theorem 4.5 is defined for all generic H € f and from
the equality proved in the theorem we can deduce that it is a continuous function of H as
well. Thus, we can formally write

Co

NeXiV _ 2
e°60x dg = E [xx(z, 0)].
/LLGC/TC CiCy

rePY

Now one can easily check that the denominator and the numerator of the left-hand side in the
equation above are SL(2, Z)-invariant, and since the t2-dependent terms in the coefficients
of the right-hand side cancel, we have the following corollary of Theorem 4.5.

Corollary 4.7.

> (o))

rePY
is a modular invariant function of t.

Let us mention a slight generalization of the WZW model: Analogously to Section 3.5,
one can define a twisted version of the WZW model by twisting the loop directions with
an outer automorphism ¥ of order ord(y) = r of the group G¢. That is, we consider the
space

LL(G¢, ¥)
= {g € LLGclY(g(s, 1) =g (s, t+ %) =g <s + % t) forall ¢ € [0, 1]} .

For H € TV, we can restrict the action function Sz, and the corresponding R-action on

LG /T to obtain an action functional and an R-action on LL(G¢, ¥)/ Tg . Now we can
use the Liouville functional to calculate the formal integral

/ o56.1,(®) do ()
LL(Ge. )/ TY

For simplicity, let us exclude the case that G¢ is of type Ay;. Then similar calculations as
in Sections 3.5 and 4.3 show that the partition function of the twisted WZW model is given
by

e$6.1x () g (g) = Cy Z Ix.(T, H)|?

/LL(GCJ//)/Tg P
+

with k = k + h"Y as before. Here Cy € R is some constant, and va"{ denotes the set of
highest weights of level k of the twisted affine Lie algebra gg’v, whose finite-dimensional
root system is dual to the root system of the finite-dimensional Lie algebra g(w:. For example,

if gc is of type Dj, then gé*v is the twisted affine Lie algebra of type A%_ 1)—; and
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accordingly in the other cases. This is the same ‘“duality” between root systems which
appears in the calculation of the irreducible characters of certain non-connected compact
Lie groups [27].

In any case, the largest subgroup of SL(2, Z) acting on LL(G¢, ¥) is the congruence
subgroup

I'(r) = {(i z> e SLR2,Z)Ja=b=1modrandb =c = Omodr} .
Now a similar argument as above yields the I"(r)-invariance of the partition function of the
twisted WZW model at H = 0.

4.4. Concluding remarks

Let us close this exposition with some remarks about a measure theoretic interpretation
of the calculations leading to the partition function of the WZW model at level k. As we
saw in Section 3.4, the partition function of the compact Lie group G can be expressed as
an integral over the space of continuous paths y : [0, 1] — G such that y(0) = e and
Y (1) € Oexp(x)- One of the main ingredients in this interpretation is the observation that

the coadjoint orbits of the centrally extended loop group G can be classified in terms of
conjugacy classes of the group G. This observation generalizes directly to the case of double
loop groups.

Let LyG¢ be the holomorphic loop group, i.e. the set of holomorphic maps from the
cylinder C/Z to G¢. The group C/Z acts on L, G¢ by automorphisms, and we denote the
semi-direct product C/Z x LyG¢ by é@. Let (z,6) € G@. Then a short calculation shows
that 7 is invariant under conjugation with any element (z, y1) € éc Thus, the coset C; =
{(z, ¥)ly € LnGc} s fixed under conjugation. The group LLG¢ admits a one-dimensional
central extension LLG(C Now the corresponding coadjoint orbits of LLGC (resp. the affine
coadjoint orbits of LLG¢) can be classified in terms of L, G¢-conjugacy classes inside C;
in the same way the coadjoint orbits of G are classified in terms of conjugacy classes of G
(see [5]).

Thus, in order to generalize the Wiener measure approach to the calculation of the partition
function on a compact Lie group in Section 3.4 to the WZW model, one has to develop
the notion of Brownian motion on the holomorphic loop group L,G¢ or an appropriate
completion thereof. It does not seem unlikely that such a generalization is possible since
important ingredients for the construction of the Wiener measure on the compact group G
like the Haar measure and the Laplacian admit generalizations to the case of Kac—-Moody
groups (see e.g. [6,20]). The generalization of the Wiener measure approach to functional
integrals would be very interesting since it would provide solid mathematical ground for
dealing with such integrals.

Of course, even such a measure theoretic reinterpretation of our calculation of the WZW
partition function would still leave open a much more fundamental question: The Duis-
termaat Heckman formula is a well-established result for finite-dimensional symplectic
manifolds. As realized in the physics literature [1,19] and in this paper, a straightforward
generalization of the formalism to certain infinite-dimensional manifolds gives interesting
results which in some cases can also be derived by usual integration methods. So it would be
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interesting to know how a class of infinite-dimensional manifolds could look like on which
a stringent measure theory can be developed which includes a version of the Duistermaat
Heckman formula as a theorem. As we saw in Section 3.4, an appropriate closure of the
coadjoint orbits of the loop group LG should certainly belong to such a class.
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Appendix A. Zeta-regularized products

In this section, we will recall the definition and some basic properties of zeta-regularized
products. See e.g. [11] for a more comprehensive introduction to the theory of regularized
products. To motivate the following definition, recall that the productof A1, ... , Ay € Ry,
can be written as

Definition A.1. Let A = {1, A2, ...} be a sequence of positive real numbers. For s € C,
define

Lals) = Z%

n=1""

If ¢4 (s) converges for Re(s) sufficiently large and if the function ¢4 can be analytically
continued to a meromorphic function on C which is regular at s = 0, we define the
zeta-regularized product of {A1, A2, ...} by

o
(HM) = exp(—4(0)),
n=1 ¢
and call such a sequence zeta-multipliable.

Note that if the usual limit ]_[;’OZIM exists, then lim,,_, oA, = 1. Thus the corresponding

zeta function does not converge anywhere. Two important properties of the zeta-regularized
product are stated in the following lemma.

Lemma A.2. Let A = {11, A2, ...} be a zeta-multipliable sequence and a, b € R~ . Then
the sequences {\{, Ag, ...} and {Ab, Ag, ...} are zeta-multipliable and we have
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a

() | (1) |

'S} 00
n=1 ¢ n=1 s

Let us state the examples of zeta-regularized products which were used in Chapters 3 and
4: First consider the Riemann zeta function which is given by

=1
¢(s) =r§n—s

Obviously, ¢ (s) converges for Re(s) > 1. Furthermore, ¢ can be analytically continued to
a meromorphic function on C with a simple pole at s = 1 and ¢(0) = % Standard theory
of the Riemann zeta function (cf. [15,16]) implies ¢'(0) = —log\/ﬂ . Thus, the sequence
{1,2,3,...}1is zeta-multipliable and we have

(lj)g _ Vi

As a second example, we consider a class of zeta functions, the so-called Epstein zeta
functions.

and

Definition A.3. Let 7, 72, v € Rand = 71 +irp € C such that t; > 0. The Epstein zeta
functions are given by

s
2
S, V) = —_—
é‘r( ) Z |m+tn+v|2s
(m,n)eZ2
(m,n)+(v,0)#£0

and

B ‘L’ﬁv e271imv
o= Y 2
e |m + tn|?s

(m,n)eZ?
(m,n)#0

The series defining ¢; and Z; converge absolutely for s > 1 and define analytic functions
on {s € R, s > 1}. The most important properties of ¢; and ¢, are stated in the following
theorem.

Theorem A.4. The functions ¢ (s; v) and Z (s; v) have analytic continuations to the entire
s-plane. If v ¢ 7Z, the continuations are entire functions of s. If v € Z, then {y(s; v) and
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Zz(s; v) are meromorphic in the entire s-plane with the only singularity at s = 1. In all
cases, ¢, and ¢, satisfy the functional equation

L) (siv) =7 I = )5 (1 =53 0),
where I'(s) is the usual I"-function.

For a proof of Theorem A.4 as well as an exposition of the theory of much more general
Epstein zeta functions, see [24].

Using the functional equation satisfied by ¢; and Z;, one can prove the Kronecker limit
formulas (see [16,24]).

Theorem A.5 (First Kronecker limit formula). Let y be the Euler constant. Then, in a
neighborhood of s = 1, we have

£e(510) = s”—l +27(y —log2 — log(ymIn(®)1?) + O(s — 1),

where n(t) is the Dedekind eta function.

Theorem A.6 (Second Kronecker limit formula). For v € R\Z, we have

1 o
0" (e(5v) = e(~30) ) TT0 - e = e
n=1

2mir

2
Ef(l, v) = —m log

with e(v) = ¥V

andg =e

From Theorems A.4—A.6, one can directly deduce the following formulas.
Lemma A.7. Let t and v be as above. Then
(f—sa (53 0)ls=0 = —log(4n*w2|n(¥)|*)

and

3
gCT(S; V) |s=0

g (e (él’) ¢ (‘él’)) (1= q"e@)(1 = g"e(—v))
n=1

for v € R\Z. Furthermore, we have ¢, (0; 0) = —1 and ¢, (0; v) = 0.

2
= —log
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